
Lecture 2 : Asymptotic Complexity a Worst-case analysis

Motivating Q : What does it mean for an algorithm to

be " efficient
" ?

Propose
: When implemented ,

it runs quickly on input instances

Propyl
: Achieves

qualitatively
better worst-case

performance
,

at an analytical level
,

than brute-force

search

* Proposals : An algorithm is efficient if it has a

polynomial running time
.

⇒ Why care about " worst-case "

analysis ?

↳ Want to know how bad it could get
↳ Average I Expected case is important ,

but defining
" random "

or
" expected " input is often verydifficult .

↳ In practice ,
actual polynomial solutions often lead

to be lower - order

e. g .
 dgcn)

,
n lgcn)

,
n

'

,
n3

↳ Problems where we know of no current poly.

solutions lend to be difficult in practice
↳ This defn .

"

really works "

↳ Allows us to express that

thereineffn¥ifpbm .



Asymptotic Order of Growth

-

running time of algo on inputsofsizen grows
at a rate proportional to f Cn )

- Let Tcn ) be a function - the worst - case
running

time

of an algo . on an instance of size n > O .

- Given function fan )
,

we say :

TOW if , for sufficiently large-

n
,

In ) is boundedaboire by a constant

multiple of f C n )
.

This is often written as :

TCn)=0CfCn))orTCn)E0E#
abuse of ÷

notation
,

but most

common .

Def : In ) c- Off Ln) ) if F c > o and no > 0

such that f n 7 , no ,
Tcn ) I c. fln )

.

Here
,

Tcn ) is asymptoticallyopper-boonde.de by kn ) .



Cog .
Assume Tch ) = pn2 tqntr for constants p , q ,

r
.

Then
, any

such Tcn ) is 0cm )
. . .  why ?

Proof : Tca ) = poitqntr E pn2tqnZtrn2 = ( ptqtr ) NZ

for all n > I
.

Hence
, if we set c= ptqtr ,

we have that

Tcn ) I C . NZ I no 7 I
Da

Note : Tcn ) is Ise 063 )
,

044 ) etc
.

However
,

these bounds are lessvsefut because they are

not tight .

visual ego

y

III:Business "¥ THE Olfcnl )
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:
in

o

Another def .

fin ) -

- Olgin) ) ⇒ n¥ < o

Notation : fifty xn is the limit
superior



0 ( e ) notation tells us about asymptotic±pperboundsQ
: What about lower bounds ?

- What if we want to show that an OL . )
upper

bound ( e.g .
0cm ) ) is the best possible ?

- Want to show that for sufficiently large n
,

Tcn ) is at least as large as some constant

Multiple of f Ln )
.

- We write this as Tcn ) ER ( fcn ) ) or

Tlr ) -

- second .

Def : Tcn ) is RECH ) if I Eso and no > 0

Such that thx no ,
Tcn ) 7 Efcn ) .

Here Ten ) is

esynyptotieallylowerbo@byf.E.g
.

Let Tcn ) as above be pnztqntr for const
.

pq ,
r

. Then Tcn ) ERIN ) . .
. why ?

Proof : Ten ) -

- pnztqntr 3 pm for n > I
.

Thus
,

we can set C-  

=p ( p > o ) and we

have Tln ) 7 ton
"

for all n > 1
.



Note : As with OC . )
,

a complementary issue

comes up with DC . )
.

That is
,

A 't Icm ) and nee Rcn ) and n
' Er Clg n )

Asymptotically Tight Bands

What if Tcn ) e Ocfcn ) ) arid Tcn ) e RICH ?

Then
, scaling of fln ) effectively " sandwich "

our

function Tcn )
.

Def : If Tcn ) E Off Ln)) and Tcn ) ER Cfcn ) ) then

Tcn ) E O Cf Ln ) ) .

Here Often ) ) is an easy.pt#cdlyIghtbound
for Tcn )

.

Eg . Returning to Tcn ) -

- pnztqntr ,
We already

Showed that Tcn ) E 0cm ) and Tca ) c- RWS

So Tcn ) e -062 )



Limit Bounds
-

Fln ) c- Ocgcns) ES nest kg÷ so

Fcn ) E Algin ) ) ⇒ nlimy fgc¥ > 0

fln ) E Elgin ) ) ⇒ fcn ) E 0cg CND ad fln ) ER Cg GD

alternatively
:

Fcn ) c- GLGCND ⇒ Liza fg¥ = c > o

IrpertieofBandy : (2.2-2.3)

OLD and RC . ) are transitive

• If f Cn) E Olgin ) ) and g Cn ) EO ( h C n ) ) then

f Cn ) E O ( hln ) )

• If
fcn

) ERCgcnl) and gin ) E Sch Ln) ) then

f- Cn) E r Chen ) )

• If fcn ) t -0 ( gcn) ) and g Ln ) E f Chloe) ) then

f Cn) E -0 l hln ))



Sums(2.4-2.5)

2.4 o fin ) C- Och Cn)) and gcn) E Och GD ⇒ [ fln)tgCnD E Olhcnl)

2.5 • Let K be some fired natural number l independent of n ) .

If fe.cn) E Och ( n )) for It is K then

(÷÷E.cn/eOChcnD
Pref : By clefs ,

let us have

fi Cn) sci . h Cn ) fr all n z noi

then

i
fin ) s 4. hln ) tcznhcn ) t

. . . t Ckhcn) Vn > mix
not

'

Eisen a cinch

I Ii
,

film is Olhln ) ) fr c Ci) and no
-

-

miaxn !



2.6 If gcn ) C. Olfln ) ) then f Cn )tgLn ) E Q ( find

* Like 2.5
,

this extends to the sum of
a fixed number of functions .

Some Common Asymptotic Bands
- - -

:

CD If fcn ) =

ae,

nd
tag

.

,nd
"

t . .  - t Go
,

then

f- Ln ) is 0 ( nd ) ( tight  if a
,

> o )

For
very

b > I and x > o , logion
= O ( ri )

↳ Every logarithmic function is upper
bounded by

a polynomial ( all polynomials grow more .

quickly
than logarithms )

↳ logan E -0 ( log bn
) for a

,
b > I so

,
the

base of the log doesn't matter ( and are just write

log n )
. Why ? because logbcxs

-

-
toga
loyal b)



(3) For
every r > I and d > 0

,
nd E O ( rn )

↳ every exponential grows faster than
any

polynomial .

Examples of some algorithms t their routines

E.g . Find Max la ) :

max
-

. aeos Q :

running
time ?

for it to n :

ki:}
return Max

E.
g . Merging 2 sorted lists Q :

running
time ?

÷o÷÷÷÷f÷z:÷÷÷÷n¥o:at }



E.g .
Oln lg n ) ?

-

Many comparison based sorting algos
-

heap sort
, merge sort

E.
g .

O ( n
' )

- naive closest pair on n points
- insertion sort
- edit distance / optimal string alignment

Eg .
OCP )

- naive matrix molt

- Given Si
,

. . . ,
Sn ; each a subset of 21,2 ,

.
. . ,

n }

determine if any pair of sets is disjoint .

Cg .

Olrik ) ( best known algos )
- Does a graph hare on independent set

of size K ?

Eg .
O ( 2n )

- Find a max size independent set in graph G

Ocn ! )

-

naive TSP l can be Oln ? 2
" ) with Dyp prog )

Eg .
Sub linear ( O ( lgn ) )

- find if valve v exists in a sorted array .


